We derive exact solutions describing three-dimensional ellipsoidal drop deformation with zero surface tension in steady, planar linear flows. We apply the analysis to study the development of lamellar drop morphologies as observed in recent experiments. © 2002 American Institute of Physics. ͓DOI: 10.1063/1.1490929͔
A theoretical study of the deformation of infinite cylinders ͑two-dimensional drops͒ with zero surface tension in linear flows was presented by Bilby and Kolbuszewski. 1 Studies of the more realistic case of three-dimensional drops have recently been presented. Larson and co-workers 2 described drop deformation assuming ellipsoidal drop shapes but retaining surface tension. Their theory contains a free parameter that needs to be set by matching the prediction for drop evolution with experimental data. Maffettone and Minale 3 derived an evolution equation describing ellipsoidal drop deformation with surface tension but limited to subcritical flows. Wetzel and Tucker 4 presented a study valid in the limit of zero surface tension; the transient drop deformation predicted by their theory is in quantitative agreement with experimental observations. 5 In this Brief Communication we use the theory developed by Wetzel and Tucker 4 and derive exact solutions describing drop shape evolution in steady, planar linear flows characterized by a dimensionless vorticity ␤. We apply the results to study the phenomenon of drop widening and formation of lamellas observed in experiments, for example, by Jeon and Macosko 6 ͑also see the recent review paper by Tucker and Moldenaers 7 and the book by Larson 8 ͒. For dropto-matrix viscosity ratios Ͻ1 the drops are strongly elongated by the extensional component of the flow and widen along the vorticity direction due to the compressional component, leading to the development of lamellar configurations and to remarkable interfacial area generation. Our solution describes the lamellar drop morphologies far from the initial conditions.
We consider a single drop of volume 4 3 R 0 3 and viscosity in an unbounded fluid of viscosity. ͑ is the viscosity ratio͒. We assume that the interfacial tension is zero. Also, buoyancy effects are neglected.
The external fluid undergoes a steady planar linear flow, impulsively started at time tϭ0. The drop is initially spherical and remains centered at the origin of the reference system during deformation. The imposed velocity field has the form
where ␥ is the magnitude of the rate of strain, E and ⍀ are the dimensionless rate-of-strain and vorticity tensors, respectively. The only nonzero components of the velocity gradient are
and ⍀ xy ϭϪ⍀ yx ϭ 1 2 , which define flows in the xy plane with vorticity in the z direction. The dimensionless vorticity ␤ characterizes the type of flow and includes the important cases of shear flow (␤ϭ1) and hyperbolic flow (␤ϭ0). According to notation ͑1͒, the imposed strain is given by ␥ t for shear flow. Here we decompose the velocity field in the form ͑1͒ in order to separate the effects of stretching and of rigid body rotation on drop evolution.
We consider flow and fluid conditions for which the Reynolds number based on the drop size is low and therefore apply the Stokes equations to describe the fluid motion. In the absence of capillarity, the relevant parameters for drop deformation and evolution are the viscosity ratio and the dimensionless vorticity ␤.
Wetzel and Tucker 4 formulated a theory for drop deformation valid in the limit of zero surface tension. They recast the Stokes equations combined with boundary conditions characteristic of a fluid-fluid interface with no surface tension into an evolution equation, which we rewrite as dA dt
for the special case of a planar flow ͑1͒. Here, drop shape and drop orientation are described by the tensor A, from the result 4 that an initially ellipsoidal isolated drop in an infinite fluid undergoing a general linear flow evolves into an ellipsoid:
The maximum axis of the ellipsoid is R 1 , the minimum axis is R 2 , both in the plane xy of the flow, and the width is R 3 along the vorticity direction z. Note that if the drop is spherical then R 1 ϭR 2 ϭR 3 ϭR 0 . Here we focus on drop shapes that satisfy R 1 ϾR 3 ϾR 2 , which typically occur in flows ͑1͒. For example, the typical drop evolution for 0рр C in a steady flow ͑1͒ is unbounded, with R 1 →ϱ and R 2 →0 as time t→ϱ. Here C is a critical viscosity ratio 4 pends on ␤, 9 above which unbounded evolution does not occur. In ͑2͒, operator S͕¯͖ takes the symmetric part, and time-dependent fourth-order tensors B and C are functions of the rescaled axes R i /R 0 of the ellipsoid, its orientation, and the viscosity ratio . Following Wetzel and Tucker, 4 we define the axis ratios CϭR 2 /R 1 and DϭR 2 /R 3 . ͑4͒
Note that from conservation of volume, R 1 R 2 R 3 ϭR 0 3 identically so that the axis ratios C and D completely define the ellipsoidal drop shape. Note also that corresponding to the planar flow ͑1͒ the orientation of the ellipsoid is completely defined by an angle between the direction of the R 1 axis and the x axis, i.e., ϭ0 and /2 on the positive x-and y-axis, respectively. Thus, tensor BϭB(C,D,,) and the same functional dependence applies to C. Here we use symbols C for the axis ratio, and C for the fourth-order tensor as in Ref. 4 . No confusion should be made between the two quantities.
In the following analysis we use the definitions
͑5͒
where the ''*'' denotes components in the ellipsoid reference system, defined by the directions of R 1 , R 2 , R 3 , that are related to the xyz frame by a rotation around the z axis. We also denote by B i j * the components ͑in contracted notation͒ of B in the ellipsoid reference frame. The components B i j * are given in Ref. 4 by complicated formulas involving elliptic integrals that are not reported here, as functions of the axis ratios C and D and viscosity ratio , but independent of the dimensionless vorticity ␤:
͑6͒
Note that indices 2 and 3 for components of B in contracted notation are switched with respect to the notation in Ref. 4 for consistency with the usual notation in the experimental literature. The tensor C is antisymmetric and thus it does not enter the following analysis.
Here we derive an exact equation for the evolution of the axes of the ellipsoidal drop by eliminating time t from Eqs. ͑2͒-͑3͒. We use the definitions ͑5͒ because the derivation is more easily performed using the axes R i rather than the axis ratios C,D. We obtain, after algebraic manipulations that involve rotation of tensors by an angle ,
͑7͒
The derivation of equations ͑7͒ is very cumbersome and is not reported here. By dividing the two equations ͑7͒ to eliminate time t, the time-dependent rotation angle ͑which depends on ␤͒ is eliminated. By introducing the definitions ͑4͒ of the axis ratios C and D, and after further manipulations that involve properties of the B i j * provided by Wetzel and Tucker, 4 we obtain Equations ͑6͒ and ͑8͒ describe the ellipsoidal drop shape in planar flows as a ␤-independent scalar function,
which satisfies ͑8͒ and is independent of the flow type. Since the Stokes equations and boundary conditions with no surface tension are linear, the instantaneous velocity field can be decomposed in a solution corresponding to the straining part of v ϱ , and a solution corresponding to the vorticity part. Only the straining part affects drop shape, and thus the drop shape is independent of the flow vorticity. Flow vorticity affects only the time evolution of the drop shape ͑and the orientation ͒.
Note that Eq. ͑9͒ does not describe a steady state, but rather that the axes of the ellipsoidal drop always satisfy ͑9͒ during evolution. Also, this result still holds for a timedependent vorticity ␤. Equations ͑8͒-͑9͒ are valid only if at all times ͑including the initial condition͒ the drop shape is ellipsoidal and the flow field has the form ͑1͒. In more general linear flows, drop orientation is described by two angles.
Finally, note that for Ͼ C oscillations of drop shape and orientation may occur. 4 However, at all times, Eq. ͑8͒ still describes the ͑oscillating͒ universal drop shape.
We apply our analysis to study drop widening and the development of lamellar drop morphologies observed experimentally 6 and numerically 4 for viscosity ratios Ͻ1. Under such conditions and for 0р␤р1, no stationary configurations exist, and drop deformation from spherical in a steady flow ͑1͒ is characterized by unbounded elongation:
For viscosity ratios Ͻ1, drops widen while elongating in the flow:
To quantify interfacial area generation we use
which is a projection of the ellipsoidal drop onto the xz plane. From ͑10͒-͑11͒ and the conservation of volume, drop widening results in large projected area generation,
and enhances the development of lamellar morphologies. For Ͼ1 no widening occurs, and other modes of deformation ͑e.g., tumbling for Ͼ C ͒ are possible, 4 which we will not investigate here.
In Fig. 1 ͑top͒, the evolution of the drop shape ͑CϭD ϭ1 at time tϭ0͒ is plotted from numerical integration of Eq. ͑8͒ for р1. Drop deformation does not depend on rigid body rotation and therefore the results shown hold for arbitrary ␤. Evolution in a flow ͑1͒ implies R 1 ϾR 3 ϾR 2 for р1 or, equivalently, in terms of the axis ratios, CϽDϽ1, at tϾ0.
For ϭ1, the affine shape,
holds identically at tу0 ͑corresponding to the slopeϭ2 in the log-log plot͒, as can be easily derived from Eq. ͑8͒, which, using the definitions for the B i j * provided by Wetzel and Tucker, 4 becomes (D/C) dC/dDϭ2, leading to ͑13͒. Note that Eq. ͑13͒ is equivalent to
and no widening occurs. For all values of the affine shape ͑13͒ also holds at short times ͑C, DϷ1 at tϷ0͒, because the drop is merely convected by the flow. Note that in contrast the history of deformation depends on , even at the initial stages of elongation. 4 In Fig. 1 ͑bottom͒, the numerical integration of Eq. ͑8͒ is compared to the experimental data reported by ComasCardona and Tucker 5 for drops with zero surface tension and ϭ0.095. A Couette flow device was used in the experiments 5 that only approximates the simple shear flow assumed in our theory. In addition, the initial experimental drop configuration was slightly deformed from the spherical conditions assumed here. The comparison shown in Fig. 1 ͑bottom͒ reveals good agreement between our theory and the experiments within the scatter in the experimental data ͑am-plified here by the log-log scale͒.
At long times, numerical integration of ͑2͒ reveals that the ellipsoidal drop becomes flattened and elongation is unbounded:
C,D→0 as t→ϱ, ͑15͒
leading to the formation of lamellas. To investigate the lamellar configurations, we performed a Taylor series expansion of ͑8͒, valid for CϽDӶ1. This leads to the following asymptotic solution:
which is a parametric equation in c(). Equation ͑16͒ has the leading behavior
From the conservation of volume, definitions ͑4͒ and ͑17͒, it follows that
Therefore in the absence of interfacial tension drop width tends to a constant value c() at long times. The width c() at infinity cannot be calculated from our asymptotic expansion, and is obtained from numerical integration of ͑8͒. In Fig. 1 , expansion ͑16͒ is compared to numerical integration of the exact equation ͑8͒, revealing close agreement for C, DӶ1. The width c() at infinity is plotted in Fig. 2 Ϸ1.4. Boundary-integral simulations and experiments performed in our group 10 reveal a strong reduction in drop width when capillarity is important. Also, in this case drop widening and the development of lamellas are only transitory. In contrast, from ͑18͒, it follows that in the absence of interfacial tension the scaling ͑12͒ holds identically as t→ϱ, leading to the development of a stable lamellar microstructure.
The evolution of drop width is illustrated in Fig. 3 for several values of from numerical integration of ͑8͒, and compared to the asymptotic expansion ͑16͒. 
